We present a microscopic calculation of α-cluster formation in heavy nuclei 104 Te (α+ 100 Sn), 212 Po (α+ 208 Pb) and their neighbors 102 Sn, 102 Te, 210 Pb and 210 Po by using the quartetting wave function approach. Improving the local density approximation, the shell structure of the core nucleus is considered, and the center-of-mass (c.o.m.) effective potential for the quartet is obtained self-consistently from the shell model wavefunctions. The α-cluster formation and decay probabilities are obtained by solving the bound-state of the c.o.m. motion of the quartet and the scattering state of the formed α-cluster in the Gurvitz approach. Striking shell effects on the α-cluster formation probabilities are analyzed for magic numbers 50, 82 and 126. The computed α-decay half-lives of these special nuclei are compared with the newest experimental data.
INTRODUCTION
The α-cluster formation problem is an important and challenging issue in not only light nuclei but also heavy and superheavy nuclei. Although much effort has been paid to it, this problem has still not been fully solved up to now [1] [2] [3] [4] [5] [6] [7] [8] . For light nuclei, microscopic approaches have been successfully used to investigate the α-like correlations (quartetting) with a full account of the Pauli exclusion principle [9] [10] [11] [12] [13] . On the contrary, it is rather difficult to describe microscopically the formation of α-clusters in heavy (superheavy) nuclei because it involves a complex many-body problem [14] . Reasonable approximations to the ab initio methods should be adopted to make the calculations feasible within present computer capabilities [14] . An ideal heavy α-emitter for testing those approximations is the nucleus 212 Po, which is the instance of α-decay to a doubly-magic core ( 208 Pb). Recently, another heavy α-emitter 104 Te was reported for the first time in experiment, which is not only the second instance of α-decay to a doubly magic core ( 100 Sn) but also a self-conjugate nucleus [15] . Subsequent experimental search for 104 Te observed two new events with properties consistent with the previously reported data [16] .
With the growth of new data in the past several years [17] , one great challenge for the field is to describe quantitatively α-like correlations and its decay in heavy (superheavy) nuclei from first principles. So far, only a few microscopic works have been carried out to treat the α-cluster formation problem in 212 Po (see reviews [18] [19] [20] ). Motivated by the concept of pairing in nuclei and inspired by the THSR (Tohsaki-Horiuchi-Schuck- Röpke) wave function concept that has been successfully applied to light nuclei [9] , we recently proposed a Quartetting Wave Function Approach (QWFA) for describing α-clustering and decay in heavy and superheavy nuclei [21] [22] [23] [24] . Unlike the light nuclei, the quartet consisting of n↑, n↓, p↑, p↓ (α-like cluster) is considered to move with respect to a fixed center because the core nucleus is heavy, i.e., recoil effects are neglected. Even with this approximation where the core is considered as a mean field, the problem of α-cluster formation is still very difficult to handle as one needs to treat correctly both the intrinsic motion between four nucleons in the cluster and the relative motion of the cluster versus the core [14] .
The respective center of mass (c.o.m.) and intrinsic Schrödinger equations are coupled in a complex way by contributions containing derivative terms of the intrinsic wave function with respect to the c.o.m. coordinate. No investigations of such derivative terms have performed yet for finite nuclear systems [14] . The solution of QWFA should join two limiting cases, the situation where the quartet is well inside the core nucleus and a shell-model calculation can be performed, and the limit of distant clusters. In particular, we consider that an α-like state in QWFA can exist only at densities lower than the critical density ρ c =0.2917 fm −3 (see Refs. [14, 23, 24] ) and dissolves at higher densities (ρ > ρ c ) into nearly uncorrelated (free) single-quasiparticle states due to self-energy shifts and the Pauli blocking effects. By using the two-potential technique [26] , the α-cluster formation and decay probabilities can be well defined by solving the bound-state of the c.o.m. motion of the quartet and the scattering state of the formed α-cluster [21, 22] .
Within the local density approximation (LDA) (strictly valid for infinite matter), the Thomas-Fermi model for the core nucleus was taken in our previous calculations [21, 22] .
According to the Thomas-Fermi rule [23, 24] , four nucleons are added to the core at the sum of the respective Fermi energies which is identical with the tunneling energy of the emitted α-particle (bound state energy -28.3 MeV plus the kinetic energy which gives together the tunneling energy, in the case of 212 Po: -19.52 MeV). However, this approach is not fully consistent. In particular, it is not able to describe the nuclear shell structure of the core nucleus. This rule is too restrictive, and nucleons are added to the core in shell states which have a finite energy difference above occupied states in the core. A gap in the strength of nucleon-nucleon (NN) interaction has been found through the fitting of realistic α-decay lifetimes of Po isotopes [27] . In this work, we investigate the c.o.m. motion of α-like quartet moving under the shell structure influence of core nucleus. We improve the Thomas-Fermi rule by introducing quasiparticle (shell model) nucleon states for the core nucleus. In contrast to former investigations in Refs. [21, 22] , the c.o.m. effective potential for the quartet is now obtained self-consistently from the contributing shell model wavefunctions with the same NN interaction.
We perform calculations of both α-cluster formation and decay probabilities in ideal heavy 
The energy eigenstate Φ(R, s j ) of the quartet can be subdivided in a unique way into a c.o.m. motion part Ψ(R) and an intrinsic motion part ϕ intr (s j , R)
with the normalization condition
The Hamiltonian of the α-cluster can be written as
where − 
with the c.o.m. potential
For the intrinsic motion of quartet nucleons we have another Schrödinger equation
The respective c.o.m. and intrinsic Schrödinger equations are coupled by contributions containing the expression ∇ R ϕ intr (s j , R) which disappears in homogeneous matter. The approach presented here to include four-nucleon correlations is based on a first-principle approach to nuclear many-body systems, however, several approximations should be performed to make the approach practicable. One of the approximations is that the derivative terms ∇ R ϕ intr (s j , R) in Eqs. (5) and (7) are not included in QWFA at present.
SHELL MODEL WAVE FUNCTIONS OF QUARTET NUCLEONS
In previous calculations, the core nucleons have been treated within the Thomas-Fermi approximation as the simplest version of LDA [21, 22] . To introduce a quartet at minimum energy, each nucleon must be added at the corresponding Fermi energy. From this, two consequences follow immediately: First, the effective potential inside the core for the c.o.m.
motion of the quartet is constant given by the constant chemical potential, not strongly increasing as usually found in the literature, and second that the value of the sum of these four chemical potentials coincides with the energy of the emitted α-particle. This Thomas-Fermi rule for the core nucleus was assumed in QWFA. This rule is quite simple and gives a local density description for the quartet, which is not able to describe self-consistently the shell effects as observed in our previous work (Ref. [22] ). Here we improve the Thomas-Fermi rule by taking the discrete level structure of the core nucleus into account. We use the Woods-Saxon potential + ls coupling to determine single-nucleon orbits that are occupied up to the Fermi energy [25] V W S (r)
where the strength of the Woods-Saxon potential is parameterized as V 0 = −46 1 ± 0.97( N −Z A ) ("+" for protons and "−" for neutrons). The parameter R 0 is 1.43A 1/3 fm for both protons and neutrons and the diffusivity parameter a is 0.7 fm. The Coulomb potential we adopt is
with the radius R Coul = 1.25A 1/3 fm. For the ls coupling potential, we use the following
where µ is the reduced mass of the α-core system. The diffusivity parameter a so is also 0.7 fm and the parameter R so is 1.37A 1/3 fm. The normalization factor of the ls coupling strength λ is 37.5 for neutrons and 31 for protons, respectively. Note that other choices of parameter sets for the Woods-Saxon potential + ls coupling can be used in QWFA, provided that the shell model states are correctly reproduced. In Fig.1 , the contributing single-particle wave functions of the quartet are shown for the α-emitters 104 Te, 212 Po and their neighbors 102 Sn, 102 Te, 210 Pb and 210 Po. It is clear that only states near the Fermi energy can form an α-like cluster because only these single-particle states extend to the low-density regions at the surface of the nucleus [21, 22] . The quartet will be introduced on top of the core nucleus in the shell above the Fermi level. As the 104 Te is a self-conjugate nucleus, the protons and neutrons in the quartet occupy the same 2d 5/2 single-particle states. This is contrary to the case of 212 Po where the proton and neutron orbits in the quartet are quite different (see Fig.1 ). A problem to be solved in future investigations is the treatment of partially filled shells, when spherical symmetry can not be assumed.
C.O.M. EFFECTIVE POTENTIAL OF QUARTET
The main issue in this section is to obtain an effective potential for the c.o.m. motion of the quartet from the contributing single-particle wave functions shown in previous section.
In particular, the behavior of the effective potential inside the core is of interest. The Thomas-Fermi model demands a constant behavior, and previous calculations with nucleon orbitals [23, 24] show also a nearly constant behavior. Here we derive results using realistic 
where the notations 1 and 2 denote two protons in the quartet, and 3 and 4 two neutrons.
The quantum numbers for the total angular momentum and its z-component of nucleon i are denoted by j i and m i , respectively. j 1 and j 2 are coupled to J 12 , j 3 and j 4 to J 34 , and then J 12 and J 34 to J. Here we consider only the ground state α-transitions of even-even nuclei, so that we have J 12 = J 34 = J = 0, M 12 = M 34 = M = 0. Therefore, the quartet wave function can be subdivided into the wave function of two protons Φ(r 1 , σ 1 ; r 2 , σ 2 ) and the wave function of two neutrons Φ(r 3 , σ 3 ; r 4 , σ 4 ). Let a, b = 1, 2 or 3, 4, the Fourier transformation of the wave function of two nucleons Φ(r a , σ a ; r b , σ b ) is
where the function f l,m,m (p) can be obtained from the contributing single-nucleon wave
The density distribution of the quartet ρ 4 (R) is then given by
= 2 6 (2π) 9 d 3 pϕ 12 (p)ϕ 34 (p)e 4ip·R .
The wave function Ψ 4 (R) = ρ 
Let us introduce u 4 (R) = (4π) 1/2 RΨ 4 (R), the effective c.o.m potential W (R) of the quartet is then given by:
Note that our local potential W (R) has the correct asymptotic behavior to the Coulomb potential at large distances, but inside the core where the Pauli principle acts, this local effective potential is expected to have wiggles (in contrast to the Thomas-Fermi model where it is constant). For the harmonic oscillator basis, the energy eigenvalue E of the c.o.m motion of the quartet can be obtained easily by subtracting the intrinsic motion energy of the quartet from the sum of four single-particle energies [23] . However, it is not easy to do so in the WS +ls coupled basis. Instead of subtracting the intrinsic motion energy from total energy, here we join the effective c.o.m potential W (R) in the core region smoothly with the α-core interaction in surface region at the critical density ρ c [21, 22] . We use the following neutron and proton densities for the core nucleus:
where the detailed values of the half-density radius and diffuseness parameter are given in Table I 
For the nuclear potential, the M3Y-type nucleon-nucleon interaction is used in the double folding procedure with matter density distributions of both α and core nucleus. This M3Ytype NN interaction consists of a short-range repulsion part and a long-range attraction part [32] , Previously, the strength parameters c and d of the NN interaction in Eq. (19) were adjusted for each α-emitter by fitting the measured decay energy and half-life [21, 22] . Shell structure effect of the core nucleus manifests itself in the strength parameters and a gap in c and d values was observed [22] . This is not satisfactory as one should in principle start from the same NN interaction instead of adjusting c and d for each nucleus. By replacing the Thomas-Fermi rule with the shell model calculations for the core nucleus, we are able to use the same strength parameters c = 17692 and d = 4980 for all α-emitters considered here. Fig.2 exhibits the complete c.o.m effective potentials for these α-emitters by joining smoothly the inner part W (R) and outer part V (R). With the Thomas-Fermi rule, the quartet c.o.m. motion inside the core nucleus was described by a constant effective potential, which is absolutely valid only for nuclear matter. As expected, it is observed here from Fig.2 that the effective c.o.m. potential behaves much more flat inside the heavy core 208 Pb as compared to 100 Sn. It is also observed that the c.o.m. potential inside core nucleus is quite sensitive to the details of contributing shell model states. A pocket is still formed for the effective potentials after introducing shell model states for the core nucleus. The sharp edge near the pocket is possibly a consequence of our approximation where the Pauli blocking shift of the α-like cluster is given by the local density. Within a more detailed calculation taking into account the extension of the α-like cluster and the nonlocal character of the Pauli blocking, we expect that this sharp edge will be washed out.
ALPHA CLUSTER FORMATION AND DECAY IN HEAVY NUCLEI
Using the two-potential approach of Gurvitz [26] , with R > R c as compared with their neighbors. This is clearly due to the shell structure effect of core nucleus. The α-cluster preformation probability P α is obtained by integrating the bound-state wave function Φ(R) from the critical radius R c to infinity [14, 21, 22] : The decay width given as the product of the pre-exponential factor ν and the exponential factor T is calculated by using the values of Φ(R) and χ(R) at the separation radius [21, 22] : 
number of the core nucleus and A α =4. The tunneling energy is
where Q α is the experimental α decay energy in Refs. [15, 17] . Then the decay half-life is Table II . For 104 Te, the calculated α-decay half-life is within the range of experimental upper limit (<1.8×10 −8 s) [15] . An enhanced α-cluster formation probability is found for 104 Te, which agrees very nicely with our empirical result P α =0.73 in Ref. [33] . This sudden change is a result of shell structure effect across the N=126 major shell, which is very difficult to reproduce in α-decay models [34, 35] . However, it is found from Table II that the experimental α-decay half-lives of 210 Pb, 210 Po and 212 Po are well reproduced by QWFA. This can be considered as a quite important success of our theory.
SUMMARY
By using the quartetting wave function approach, we present a microscopic calculation intrinsic motion which appear in the inhomogeneous matter can be included and the spatial extension of the α-particle may be considered to improve the local density approximation for the Pauli blocking term. We expect that a better account of gradient effects will lead to an effective potential W (R) for the c.o.m. motion of the quartet where sharp edges are avoided.
